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Abstract
We study the orbital-dependence of three (parameter-free) double-
hybrid density functionals, namely the PBE0-DH, the PBE-QIDH
models, and the SOS1-PBE-QIDH spin-opposite-scaled variant of the
latter. To do it, we feed all their energy terms with different sets of or-
bitals obtained previously from self-consistent DFT calculations using
several exchange-correlation functionals (eg. PBE, PBE0, PBEH&H),
or directly with HF-PBE orbitals, to see their effect on selected datasets
for atomization and reaction energies, the latter proned to marked
self-interaction errors. We find that the PBE-QIDH double-hybrid
model shows a great consistency, since the best results are always
obtained for the set of orbitals corresponding to its hybrid scheme,
which prompts us to recommend this model without any other fitting
or reparameterization.
Key words: double-hybrid density functionals, orbital dependence, density-
driven vs. energy-driven errors, AE6 and SIE11 datasets.
2
1 Introduction
Density Functional Theory (DFT), virtually in almost all applications, re-
lies on the Kohn-Sham (KS) framework [1], in which one-electron equations
are solved leading to the corresponding orbitals and associated eigenvalues.
These orbitals are self-consistently obtained under the action of a KS poten-
tial, whose components are the functional derivative of all the energy terms,
including necessarily the key exchange-correlation effects. Since the exact
expression for the exchange-correlation functional Exc is still unknown, we
have assisted in last decades to huge advances from the derivation of more
accurate mathematical forms. One of the latest family of these approxi-
mations, dubbed as Double-Hybrid (DH) density functionals, are becoming
increasingly popular [2–5]. Their accuracy is usually higher than the previous
categories of existing methods [6]. To understand their ingredients, we gen-
erally express them as the following linear combination of energy terms [7]:
EDHxc [ρ] = λxE
EXX
x [φ]+(1−λx)E
DFA
x [ρ]+λcE
PT2
c [φ, φ
′]+(1−λc)E
DFA
c [ρ], (1)
with λx (0 ≤ λx ≤ 1) and λc (0 ≤ λc ≤ 1) being scaling parameters of
the different energy terms, with EDFAx [ρ] (E
DFA
c [ρ]) standing for the semilocal
Density Functional Approximation (DFA) selected for exchange (correlation)
effects, evaluated with the density ρ(r) =
∑
i |φi|
2 built from the occupied
orbitals φi obtained self-consistently. We emphasize herein the dependence of
the terms in Eq. (1) on the occupied (unoccupied) spin-orbitals, {φi} ({φ
′
a})
with eigenvalues {ǫi} ({ǫa}). This dual dependence, on both occupied and
unoccupied orbitals, is probably made more explicit through considering the
Exact-like EXchange (EXX) and second-order perturbative (PT2) terms:
EEXXx [φ] = −
1
2
∑
i,j
〈φiφj|φjφi〉 (2)
3
EPT2c [φ, φ
′] = −
1
4
∑
i,j
∑
a,b
|〈φiφj||φ
′
aφ
′
b〉|
2
ǫa + ǫb − ǫi − ǫj
, (3)
with the two-electron integrals being expressed using a short notation as
〈ij||ab〉 = 〈ij|ab〉 − 〈ij|ba〉. Note that we neglect here in the EPT2c term the
difference between the local KS exchange potential and the non-local exact-
exchange potential, as it is usually done due to their vanishing influence [8].
One fundamental problem, to which developers are given now due atten-
tion, is the orbital-dependence of the above expression, Eq. (1), or in other
words, how to generate the best orbitals for each of the newly conceived
double-hybrid models. Generally speaking, and starting from the simplest
possible case, if λx = λc = 0 the orbitals are generated by including the
contribution of the exchange-correlation potential, vxc = v
DFA
x + v
DFA
c , to the
total Kohn-Sham effective potential,
(
−1
2
∇i + veff (r)
)
φi(r) = ǫiφi(r), used
to obtain the orbital manifold. In case of having the following combination
of scaling parameters λx 6= 0 and λc = 0, ie. a global hybrid density func-
tional in this case, the orbitals are generated also self-consistently under an
effective potential, but after considering the EEXXx term as a functional of the
one-particle density matrix, ρ(r, r′) =
∑
i φ
⋆
i (r)φi(r
′), which leads to the cor-
responding (scaled by λx) non-local contribution to the exchange-correlation
potential [9]. Note that none of the expressions entering into a non-hybrid
(semilocal) or a hybrid functional depend on the set of virtual orbitals, con-
trarily to what happens with double-hybrid models (λx 6= 0 and λc 6= 0)
through the EPT2c [φ, φ
′] term.
Therefore, when one employs a DH model, the procedure mostly followed
up to now disregards the contribution of the perturbative correlation energy
to the orbital calculation, and the exchange-correlation potential thus resem-
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bles that for a hybrid model, although with the particular value of λx and
λc scaling the respective terms. Once these orbitals are converged, they are
used to calculate the EPT2c correlation energy which is added a posteriori to
the total energy. This procedure is known to work reasonably well except for
some difficult (eg. open-shell or symmetry-breaking) cases, as it was also doc-
umented before for hybrid density functionals [10–13], where the results can
be improved by an orbital-optimized scheme to obtain a set of orbitals built
under the influence of the perturbative field too [14, 15]. Another success-
ful approach circumvents these caveats by using the orbitals generated by a
hybrid model (eg. the PBE0 functional [16,17]) directly into the DH expres-
sion, giving rise to the family of xDH functionals [18–21]. Recent advances
in this direction makes also use of the Optimized Effective Potential (OEP)
technique [22], including the perturbative contribution to the Kohn-Sham
potential [23, 24], and exemplifying the interest within the field for further
understanding and improved developments related to the orbital-dependence
of double-hybrid density functionals.
Therefore, once the density functional expression is chosen, two poten-
tial sources of errors in standard calculations coexist: the one due to the
approximate density built-in self-consistently along the calculation (ie. the
density-driven error) and that due to the limitations of the energy expression
by itself (ie. the energy-driven error). We have thus tried to understand the
importance of these two errors for recently developed parameter-free double-
hybrid models, investigating consequently here their orbital-dependence by
varying the set of orbitals used to evaluate the electronic energy.
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2 Computational details
We select here the PBE exchange and correlation models [25] for EDFAx [ρ]
and EDFAc [ρ], and a pair of parameter-free DH functionals recently devel-
oped, PBE0-DH [26] and PBE-QIDH [27], the latter QIDH acronym stands
for Quadratic Integrand DH, with the corresponding values of λx and λc
gathered in Table 1. Note that the latter model has been also recently made
spin-component-scaled [28], the SOS1-PBE-QIDH variant, leading to accu-
rate results still keeping the parameter-free nature of the original PBE-QIDH.
The interest in the latter and related variants arises from the reduction of the
formal scaling from O(N5) to O(N4), N related to the system size, which
could be further exploited in future codes [29]. Note that we do not aim
at exploring the large variety of existing DH models, but restrict ourselves
to some first-principles models to avoid mixing up parameterization effects
(ie. rescaling the values of λx and λc for each set of orbitals used) with the
underlying orbital-dependence of any of the models.
All the DH calculations were done with the the ORCA (release 3.0.1)
package [30] with tight convergence and integration thresholds. We always
employ the very large aug-cc-pVQZ basis set, to reduce basis-set errors
as much as possible. We choose the AE6 (atomization energies of small
molecules [31, 32]) with values updated from explicitly correlated coupled-
cluster theory [33], and SIE11 (reactions prone to self-interaction errors [34])
datasets, as they are highly representative of challenging systems with a pos-
sibly marked dependence on the built-in orbitals used, and employ as metrics
for the performance of the methods the Mean Absolute Deviation (MAD) and
the Root Mean-Squared Deviation (RMSD) with respect to reference results.
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3 Results and discussion
3.1 Atomization Energies
We would like first to isolate what we consider the main factor govern-
ing the orbital-dependence results for DHs. Taking into account the fact
that the EDFAx [ρ] and E
DFA
c [ρ] terms are only slightly affected by the corre-
lation potential (indeed the occupied set of orbitals for individual molecules
is found rather similar for different functionals [35, 36]) we first set λc = 0
and λx 6= 0 to generate the different orbitals in a controlled manner. We
will therefore employ in the following a variety of methods to have different
effective potentials, ranging from semilocal (ie. PBE, λx = 0) to hybrids (ie.
PBE0, λx = 1/4; and adhoc PBEH&H, λx = 1/2) and to the pure Hartree-
Fock method combined with the corresponding correlation functional (ie.
HF-PBE, λx = 1). Once the orbitals are self-consistently generated in a
first step, we use the whole occupied and virtual manifold to obtain the en-
ergy of all terms entering into Eq. (1) in a second step. In such a way,
once the PBE0-DH, PBE-QIDH, and SOS1-PBE-QIDH model is selected,
we may thus disentangle for each of the methods the underlying (if any)
orbital-dependence, and then the compromise between energy-driven and
density-driven errors [37].
Figure 1 shows the evolution of the MAD (the RMSD behaves similarly)
for the AE6 database, as a function of the aforesaid orbital sets. We add
the QIDH hybrid orbitals (generated with a value of λx = 3
−1/3 ≈ 0.693) to
mimic also the corresponding weight when a PBE-QIDH self-consistent cal-
culation is performed. Note that the SOS1-PBE-QIDH method shares with
PBE-QIDH the same expression for the exchange part, and that for PBE0-
DH the self-consistent calculation corresponds to the PBEH&H (λx = 1/2)
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case so that we don’t need to additionally add that point to the graph. It
can be immediately seen how the results markedly depend on the set of or-
bitals used, in agreement with other results from the literature [38], with the
MAD values roughly spanning between 5 − 10 kcal/mol for PBE0-DH, and
between 5 − 20 for (SOS1-)PBE-QIDH. We observe at first sight a weakest
dependence of the PBE0-DH model on the set of orbitals, as well as a paral-
lel behavior between PBE-QIDH and its corresponding SOS1-based version.
After performing a splines based fitting of the data, the lowest MAD values
are obtained for λx = 0.25, λx = 0.69, and λx = 0.50, for PBE0-DH, PBE-
QIDH, and SOS1-PBE-QIDH, respectively. Interestingly, the value of λx for
PBE-QIDH almost exactly matches that obtained during the development of
the model (see Table 1). Nonetheless, it is also gratifying to observe how the
orbitals generated by a hybrid functional, within the range 0.2 ≤ λx ≤ 0.5,
would lead to reasonable MAD values for all cases.
We have also corroborated that the use of one or another exchange-
correlation functional to generate the orbitals does not bring further dif-
ferences. If, for instance, we employ now for the PBE-QIDH calculations
the BLYP (λx = 0) or the BH&HLYP (λx = 1/2) functionals, instead
of the corresponding PBE (λx = 0) or PBEH&H (λx = 1/2) ones, the
MAD differs now respectively by 0.1 − 0.2 kcal/mol for both PBE/BLYP
or PBEH&H/BH&HLYP pair of calculations, which can be thus considered
as a negligible influence. The B3LYP results (λx = 0.2) lies also close to
those provided by PBE0 (λx = 1/4), as it should be expected due to the
marked dependence of the results on the λx of the global hybrid functionals
generating the orbitals. These results show the dominant influence of this
λx weight, bringing the E
DFA
x [ρ] and E
DFA
c [ρ] particular forms employed little
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differences.
We try to rationalize now the above results by considering the evolution of
the exchange and correlation components entering into the PBE-QIDH model
with the λx value used to generate the orbitals. Table 2 lists the energies
for the set of atoms included into the AE6 dataset, with the corresponding
trends plotted in Figures 2 and 3. The trends observed in Figure 2 indicate
that, irrespective of the atom considered, both exchange contributions favour
the HF-like orbitals, while the PT2 correlation contribution counteracts this
trend, irrespective of the atom considered. On the other hand, the DFA
correlation term has a more involved behavior, yielding a minimum around
λx ∼ 0.6 for C, Si and S, while for O it is placed at λx = 1. The overall trend
for the total exchange-correlation contribution is gathered in Figure 3, show-
ing that C, O, and S yield minima placed at λx ∼ 0.6− 0.7, while for Si that
minimum is found at λx = 1, mostly due to the PT2 correlation contribution
being somewhat lower than expected in that case. Actually, if we compare
the atomic correlation energies provided by the PBE-QIDH model, when one
feeds the model with the PBE, PBE0, PBEH&H, or HF-PBE orbitals, with
respect to reference values [39], we found that relative errors are reasonably
comprised between 19− 26 %.
The above results evidence that the “optimal” set of orbitals preferred
by the exchange-correlation term results from a delicate balance maintained
by all four contributions to the exchange-correlation energy. These, in turn,
depend both on the coefficients λx and λc, (mostly influencing the energy-
driven error) and on the orbitals (mostly influencing the density-driven error).
For the PBE-QIDH model, that “optimal” set of orbitals corresponds to a
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value of λx ∼ 0.7, which coincides with the value of λx that is actually used
to define the model. However, this is not always the case, as the PBE0-
DH results on the AE6 benchmark indicate, and the self-interaction error
reactions analyzed in section 3.3 will also corroborate.
3.2 One-electron self-interation error
The one-electron Self-Interaction Error (SIE) is commonly defined by
the conditions [40]: (i)
∫
drρα = 1 and ρβ = 0; and (ii) Ex[ρα, ρβ = 0] =
−J [ρα, ρβ = 0] together with Ec[ρi∈α,β] = 0, which is not usually trans-
lated into the corresponding potentials vx[ρα, ρβ = 0] = −u[ρα, ρβ = 0] and
vc[ρi∈α,β] = 0. The simplest way to correct it is to include the full amount of
EXX, which is by definition an energy and orbital SIE-free scheme, in routine
DFT calculations; although it is also known how this scheme precludes the
achievement of great accuracy in standard calculations. On the other hand,
double-hybrid functionals are expected to have a reduced SIE compared to
hybrid models, due to the larger values of λx entering into their formulation
(eg. λx = 1/2 for PBE0-DH and λx = 3
−1/3 for PBE-QIDH). Independently
of this, we would like to check the dependence of the SIE on the orbitals used
to feed the energy terms. Taking the PBE-QIDH as an example, the spu-
rious one-electron interaction energy of the H atom goes from 1.4 kcal/mol
(with PBE orbitals, and thus largely affected by SIE) to 1.2 kcal/mol (with
virtually “SIE-free” HF-PBE orbitals), indicating the almost negligible effect
of the orbitals here. Borrowing again the distinction between density-driven
and energy-driven errors, the SIE seems to be an energy-driven magnitude,
that is, influenced the most by the energy expression considered.
10
3.3 Self-interaction error reactions
We extend the former analysis to the SIE11 dataset [41] of chemical reac-
tions, whose use has become widely popular in last years to benchmark the
N-electron self-interaction error, also known as delocalization error, of den-
sity functionals [42, 43]. As it was done before for the AE6 dataset, Figure
4 shows the evolution of the MAD (the RMSD behaves similarly again) as a
function of the different orbital sets used to feed the PBE0-DH, PBE-QIDH,
and SOS1-PBE-QIDH double-hybrid density functionals selected. Compared
with the previous results on the AE6 dataset, we would like to emphasize
now that: (i) the MAD is less affected upon the use of different molecu-
lar orbitals, taking the PBE-QIDH as example the MAD evolves from its
highest (8.7 kcal/mol, with PBE orbitals) to its lowest (3.4 kcal/mol, with
its own QIDH orbitals) value with the corresponding ratio being roughly
2.5, to be compared with the equivalent value of 4.5 obtained before for the
AE6 dataset; (ii) interestingly, the lowest MAD is found exactly at the value
for λx = 0.69 originally derived for the PBE-QIDH model, which confirms
the minimal N-electron SIE of the functional irrespectively of the orbitals
used; (iii) the PBE0-DH model, keeping a low value for λc, is only mod-
erately affected by the use of any set of orbitals, with the HF-PBE set of
orbitals providing now its lowest MAD; and (iv) the SOS1-PBE-QIDH ver-
sion leads to a very low MAD of roughly 3.0 kcal/mol with the PBE orbitals,
apparently the most affected by the SIE, and shows a somehow unexpected
evolution, with the self-interaction free HF orbitals giving the highest MAD
of 5.5 kcal/mol.
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4 Conclusions
The PBE0-DH model, with λx = 1/2 and λc = 1/8, shows for the AE6
and SIE11 databases a less pronounced dependence with respect to the orbital
sets used to feed the model, contrarily to what happens with PBE-QIDH for
which λx = 3
−1/3 and λc = 1/3, which seems to be related with the orbital
and eigenvalue dependence of the λcE
PT2
c expression as deduced from Eq.
(3). Notwithstanding this, the latter model keeps some advantages, since
it leads to the lowest MAD with the orbitals generated by a hybrid model
displaying a value of λx ≈ 0.7, and thus virtually identical to the one intro-
duced originally into its derivation, indicating thus the excellent compromise
between energy- and density-driven errors achieved by this model.
Concerning the self-interaction error affecting many relevant chemical
properties, the use of the HF-PBE orbitals (almost self-interaction free by
definition) does not impact too much on the results with respect to the KS
orbitals obtained self-consistently with the default λx = 3
−1/3 value of the
PBE-QIDH model. Furthermore, the lowest MAD values found for the latter
(4.5 and 3.4 kcal/mol for the AE6 and SIE11 datasets, respectively) are lower
than those provided by PBE0-DH, and actually very competitive with other
modern double-hybrid models [44].
However, when one attempts to derive a spin-component-based expression
from the corresponding double-hybrid density functionals, eg. the SOS1-
PBE-QIDH variant from the pristine PBE-QIDH, it seems that there is a
stronger coupling between the energy expression and the set of orbitals feed-
ing the energy terms, which might justify the need of a reparameterization
of the original weights scaling the exchange and correlation energy terms,
to couple and then minimize both density- and energy-driven errors. That
would help to explain the success of expressions like xDH-PBE0, rationaliz-
ing thus their great accuracy.
Overall, the PBE-QIDH model arises as a robust and accurate expres-
sion, avoiding the use of any other set of orbitals than those self-consistently
generated along a standard calculation.
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• Table 1. Summary of the λx and λc values entering into the studied
DH functionals.
• Table 2. Exchange and correlation energies (Eh) for the atoms of the
AE6 dataset.
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Table 1:
Acronym Year λx λc (1− λc)
PBE0-DH 2011 1/2 1/8 7/8
PBE-QIDH 2014 3−1/3 1/3 2/3
SOS1-PBE-QIDH 2016 3−1/3 4/9 2/3a
a Note the unexpected scaling due to the spin-
opposite-scaling construction of the model, see
Ref. [6] for further details.
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Table 2:
Energya H C O Si S
(1− λx)E
PBE
x [ρ]
ρPBE −0.0925 −1.5384 −2.4973 −6.1745 −7.6146
ρPBE0 −0.0929 −1.5401 −2.5003 −6.1796 −7.6196
ρPBEH&H −0.0933 −1.5416 −2.5032 −6.1847 −7.6246
ρHF−PBE −0.0938 −1.5427 −2.5049 −6.1886 −7.6275
λxE
EXX
x [φ]
{φ}
PBE
−0.2128 −3.5033 −5.6691 −14.0370 −17.3184
{φ}
PBE0
−0.2140 −3.5093 −5.6795 −14.0517 −17.3331
{φ}
PBEH&H
−0.2152 −3.5149 −5.6894 −14.0662 −17.3474
{φ}
HF−PBE
−0.2166 −3.5200 −5.6975 −14.0788 −17.3584
(1− λc)E
PBE
c [ρ]
ρPBE −0.0038 −0.0959 −0.1553 −0.3224 −0.3890
ρPBE0 −0.0039 −0.0962 −0.1560 −0.3228 −0.3894
ρPBEH&H −0.0039 −0.0965 −0.1565 −0.3232 −0.3898
ρHF−PBE −0.0040 −0.0962 −0.1567 −0.3228 −0.3893
λcE
PT2
c [φ, φ
′]
{φ, φ′}
PBE
−− −0.0412 −0.0756 −0.0376 −0.0704
{φ, φ′}
PBE0
−− −0.0345 −0.0678 −0.0307 −0.0604
{φ, φ′}
PBEH&H
−− −0.0301 −0.0618 −0.0261 −0.0531
{φ, φ′}
HF−PBE
−− −0.0242 −0.0530 −0.0200 −0.0427
a λx and λc are those corresponding to the PBE-QIDH model.
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• Figure 1. Evolution of the MAD for the AE6 dataset, as calculated
by the PBE0-DH, PBE-QIDH, and SOS1-PBE-QIDH using different
sets of molecular orbitals.
• Figure 2. Evolution of the exchange and correlation components of the
PBE-QIDH functional for several atoms using different sets of molecu-
lar orbitals. The plot for each atom at each subfigure has been shifted
towards the value at λx = 0 to ease the analysis.
• Figure 3. Evolution of the total exchange-correlation energy of the
PBE-QIDH functional for several atoms using different sets of molecu-
lar orbitals. The plot for each atom has been shifted towards the value
at λx = 0 to ease the analysis.
• Figure 4. Evolution of the MAD for the SIE11 dataset, as calculated
by the PBE0-DH, PBE-QIDH, and SOS1-PBE-QIDH using different
sets of molecular orbitals.
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